We present a full quantum theory to study the transient evolution of photon pairs. We introduce a method which gives exact time-dependent solutions of the coupled quantum Langevin equations for a multilevel quantum particle driven by arbitrary time-dependent laser fields. The analytical solutions are used to develop a numerical code for computing exact time evolution of the two-photon correlation function. We analyze the effects of laser pulses sequence, pulse duration, chirping, and initial internal quantum states on the nonclassicality of the photon correlation through the violation of the Cauchy-Schwarz inequality. The results provide a promising possibility of controlling the generation of highly correlated photon pairs using tailored short laser pulses.
I. INTRODUCTION
The availability of ultrashort laser pulses, recent advances in trapping of atoms and molecules and the synthesis of nanoparticles have made it possible to manipulate single atoms, molecules, or artificial atoms. The emitted photons can display novel quantum properties that are useful for ultrafast quantum-information processing [1] and quantum metrology [2] . Recent advances in quantum technology involve the study of correlated photons [3] . However, photon correlation is a quantity that is not trivial to compute correctly using full quantum theory. Existing works on photon pairs generation from double Raman scheme [see Fig. 1(a) ] using the Schrödinger's equation were restricted to cw lasers [4] and cannot describe the photon correlation driven by transient laser pulses. Recent work [5] using quantum regression theorem with density matrix equations was also for cw lasers although this method can be used for time-dependent laser pulses.
The motivation of this work is toward time-dependent control of correlated photons with high intensity, which forms one of the main themes in quantum nonlinear optics research. Due to the broadband nature of the exciting laser pulses, the Stokes and anti-Stokes photons may have identical frequencies. They can be discerned by polarizations as shown in Fig. 1(b) . Detector A is designed to detect only left circularly polarized (LCP) σ − Stokes photon while detector B detects only right-circularly polarized (RCP) σ + anti-Stokes photons. Photon correlation in extended medium with spatial propagation has been studied [6, 7] but exact solutions of the field operators would not be possible even for cw lasers. However, it is possible to obtain exact solutions of the field operators for a single atom interacting with arbitrary time-dependent laser fields.
In this paper, we present a method to solve the HeisenbergLangevin (HL) equations and compute quantities that determine the nonclassicality of photons. The HL approach incorporates the internal quantum states instead of the external motion as in the quantum Brownian dynamics [8] . It is more general than the density-matrix elements equation, since it includes quantum noise and the solutions can directly be used to compute various correlations of operators. Each exact solution is composed of two parts: the part due to initial * bokooi73@yahoo.com conditions for the field and the atomic operators, as well as the part containing the noise operators. Textbook [9] shows that the noise operator is necessary for the preservation of the field commutation relation. In forming paired operators quantities, there are actually several cross terms products that need to be carefully computed. In recent work [10] , the cross terms were found to be essential for the preservation of the commutation relation. All the cross terms were neglected in previous work [11] . This leads to the fictitious violation of the commutation relation. Although it was correctly assumed that the initial atomic operators are uncorrelated to the initial field operators and the noise operators, the products of initial field operators and the noise operators a q (0)F n (t − t ) are not zero. The present paper includes and evaluates all the cross terms which were neglected in Ref. [11] . The cross terms are necessary for satisfying the commutation relation and have significant effects on the results and the conclusions.
In Sec. II, we present the Heisenberg-Langevin formalism for the double Raman scheme, which contains the noise operators. In Sec. III, we introduce the semianalytical method to obtain exact solutions to the coupled operators equations. The exact operator solutions are given in Sec. IV. In Sec. V, we show how to compute the photon correlation exactly using the products of paired operators. The results presented in the figures are discussed in Sec. VI where we show the possibility of acquiring a giant photon correlation using a certain initial condition and laser parameters, justified by physical explanations.
II. HEISENBERG-LANGEVIN FOR FOUR-LEVEL DOUBLE RAMAN
The interaction Hamiltonian for the four-level system with two lasers and radiation in Fig. 1(a) iŝ
where g k,ης are the usual dipole coupling functions between atomic operatorsσ ης (η = b,c and ς = a,d) and radiation operatorsâ k , with p (t) and c (t) being the time-dependent Rabi frequencies of the pump and control lasers, respectively. Levels a and d are sufficiently separated such that the pump level a is not coupled to the pump laser and level d is not coupled to the control laser. Since there is only a single atom, we may set r = 0.
The Heisenberg equation 
with the complex decoherences are Similarly the Stokes (k photon) and anti-Stokes (q photon) operators evolve according to 
III. METHOD OF EXACT SOLUTIONS
The nine atomic equations can be written in a vector-matrix
whereX ( 
where U T (t) is the transpose of the evolution matrix U (t) that can be computed numerically from the density-matrix equations (by taking the expectation),
where the vector X = (ρ aa ,ρ ba , . . . ,ρ ab ,ρ bb , . . . ,ρ dd ) has different ordering from the ordering ofX(t) sinceρ βα = p αβ are the density-matrix elements and X (0) is the vector for the 16 density-matrix elements at t = 0. The u(t) can be computed numerically. The Crank-Nicolson method gives u(t)
, the evolution matrix for a small temporal advancement of the vector X(t), where M(t) is the matrix for the set of density-matrix equations
M(t)X(t), I is identity matrix, and jδt is discretized time over interval δt.
We show how to use the exact method described above to obtain exact transient solutions for quantum operators. The essence of the method is the use of U (t) to obtain the response function of the field operators. For illustration, consider the simplest quantum system, a two-level atom interacting with free space radiation in Ref. [10] . HereX = (p aa ,p ab ,p ba ,p bb ) is a column vector. The coupled equations can be solved exactly by Laplace transform. The method gives the transformed photon operator and the coherence operator
which are combined to givẽ
where U 2j is the component of the second row and j th column of the Laplace transform matrix U (s) = LU (t).
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The inverse Laplace transform (L −1 ) gives the solutioñ
where k = ν k − ω ab and
which indicates that the elements of the matrix U (t) determine the response function of the field operators, particularly the K 2j (t). The expectation value in thermal vacuum is â †
−γ ab t δ 2j , the only finite term is
which is identical to that obtained analytically [10] .
IV. SOLUTIONS FOR DOUBLE RAMAN SYSTEM
We now apply the method to a more complex multilevel system, the double Raman atom. The Laplace transforms of Eqs. (10) and (11) give
Inversions give the solutions
with
and A(t) * B(t) represents the convoluted integral
V. SECOND-ORDER CORRELATIONS
The normalized Cauchy-Schwarz (CS) two-photon correlation between the k photon and the q photon is defined as
The second relation of Eq. (29) is obtained by decorrelating the fourth-order correlation into second-order correlation, which is valid only for Gaussian fields. The quantity provides a robust determination of nonclassicality of the photon correlation at time t through the condition g CS (t) > 1. The numerator of Eq. (29) corresponds to the probability of joint detection of the k photon and q photon by the correlator (C) in Fig. 1(b) .
We need to compute six paired operator products to obtain the second-order correlation function. Each pair of operators contains terms that can be classified as the products of (i) the initial field operator and the initial atomic operator, (ii) the initial field operator and the noise operator, (iii) the initial atomic operator and the noise operator, but this term is zero because there is no correlation between the initial atomic operators and the noise operators.
We consider the thermal field as the initial state, which is typical and appropriate for ambience environment, and it is also a Gaussian field. The mean photon number for thermal photons at temperature T is ã †
q (0) = 0, and initially the two modes are statistically independent, ã q (0)ã
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The last line can be evaluated as
where w kn and w qn are defined in Appendix A. The noise correlation F m (t )F n (t ) gives the diffusion coefficient that can be computed from Einstein's relation [7] (see Appendix B).
The second line is evaluated as
wherew kμ = w * kη are obtained from w kη with μ = 2,3,4,7,8,12 the indices for the elements that are adjoint to η = 5,9,13,10,14,15, respectively. For example, (w k3 =w k,ac ) = (w * k9 = w * k,ca ). To check the commutation relation, we also need the antinormal ordered
The second line of Eq. (34) is (n k + 1)
The second line is n q For antinormal ordered for the q photon,
Similarly, the second line is (n q + 1)
(V) Fifth pair ã 2 k (t) :
(VI) Sixth pair ã 2 q (t) :
VI. RESULTS AND DISCUSSIONS
We have carefully developed a massive numerical code to compute all terms in the six paired products. The transient effects in the atom and photons are controlled by the timedependent pulses of the form f (t) = f e for the k photon and the q photon. Comparison with previous theory without the cross terms [11] for a particular case is commented on in Ref. [12] .
(1) cw vs pulse, symmetric initial condition. Figure 2 shows that the effect of the pulses is the removal of the oscillations, for equal initial populations in level b and level c. Figure 2(b) shows that for pulsed excitations the g CS is around unity (does not increase), which is much less than previous results obtained without the cross terms [ Fig. 2(b) of Ref. [11] ]. The photon number plots show the contributions of the boundary part (superscript b) only from the terms containing X m (0)X n (0) while the remaining terms contribute as the noise part (superscript n).
(2) Pulse with asymmetric initial condition. As the initial condition is changed from symmetric (equal population in the ground levels b and c) to asymmetric (all populations in level c) for identical and coincident pulsed lasers, Fig. 3(a-i) shows the generation of photons with large nonclassical correlation. If there were population in level b (as in the case of Fig. 2 ) the directional pumping sequence for establishing the correlation could not be completed. This shows that the asymmetric initial condition can make a big difference in the photon correlation for transient excitations of quantum systems.
(3) Field strength and pulse length effects. A closer look at Fig. 3(a-i) reveals that as the laser strength increases, the correlation peak does not reduce in a regular manner as in the longer pulse case [ Fig. 3(b-i) ]. There is an optimum correlation when the Rabi frequencies p = c = 10 ac are close to the pulse bandwidth 1/s p = 1/s c = 7 ac . For weaker pulse Fig. 3(a-i) shows that the correlation peak emerges after the pulse peaks, the slow light effect. The magnitude of the peak is smaller than expected because some bandwidth has been filtered out from the electromagnetically induced transparency (EIT) window. An interesting feature in Figs. 3(a-i) and 3(b-i) is the emergence of a high correlation peak before the peaks of the pulses when the pulses are strong such that p,c > 1/s p,c . This looks like slow light effect on the correlation peak in Fig. 3(a-i) .
This feature can be seen more clearly in Fig. 3(b-i) for longer pulse or quasi-c.w, which shows that the correlation peak becomes larger and is shifted to larger time as the laser fields become weaker, generating Stokes and anti-Stokes photons with larger delay time. However, as the pulses become longer, the peak feature in the correlation disappears into oscillations [as shown in Fig. 3(b-ii) ].
(4) Tail of correlation. The correlation in Fig. 3(a-i) also shows the tail part that extends beyond the pulse, especially for strong control field. This part of the correlation is not created instantaneously. It takes time for the particle to be excited from level c to level d, decays spontaneously to level b, being excited from level b to level a, and decays back to level c. Thus the tail is due to the resonant or quasiresonant frequency components of the pump and/or control lasers with the finite spontaneous lifetime of the excited levels.
(5) Physics of high correlation. Out of the three terms in Eq. (29), the correlation | â qâk | 2 is the dominant term while the term | â † qâk | 2 is zero, as shown in Fig. 3(a-ii) . Thus it is â qâk which causes the large violation of the Cauchy-Schwarz inequality. The physics behind the large correlation peak can be explained as follows. Since the laser pulses correspond to multifrequency cw lasers mostly off-resonant from the atomic transitions, the Raman transition that generates the Stokes photons is actually composed of many off-resonant Raman transitions and one resonant Raman transition [thick arrows in Fig. 1(c)] . A similar scheme applies for the generation of anti-Stokes photons. Although the carrier frequency of the pump laser is tuned to resonant, the broadband nature of the pump pulse causes most Stokes photons to be generated instantaneously via the off-resonant Raman process. Similarly, there are also off-resonant photons from the control laser pulse that transfer the population in level b back to level c instantaneously while generating anti-Stokes photons which are strongly correlated to the Stokes photons.
(6) cw lasers with detunings. Based on Fig. 1(c) , we show the correlation for cw lasers with different detunings in Fig. 4 . For larger detuning the correlation is larger at small times but smaller at larger times. The oscillating feature (in the resonant case) diminishes as the detuning increases. The correlation increases slowly with time and saturates around unity. These results are relevant for the explanation of a high correlation peak for pulsed excitations in Fig. 3(a-i) . The contributions of many frequency components of the pulses to the correlation only add up incoherently at larger times due to the random nature of the spontaneous emission after the pulse is gone. It is the coherent superposition of the correlation from each frequency component during the presence of the pulse that creates the large correlation peak before or close to the laser pulse peak.
(7) Connection to atomic dynamics. Finally, we consider the roles of transient quantum coherences and populations on the correlation in Figs. 3(a-iii) and (b-iii) . The pump laser causes populations to oscillate mainly between level c and level d, while the population in level b remains small but increases gradually. As the result, the coherence Imρ dc is large and also oscillates like the populations in level d and level c. Similarly for the coherence Imρ ab , but its magnitude is much smaller. We notice that the peaks of the coherences do not coincide with the correlation peak. Although the transient quantum coherence affects the correlation, there is no simple connection between the correlation peak for pulsed excitations and the peaks of coherences Imρ dc and Imρ ab , or the atomic dynamics in general. (8) Pulse sequence effect. We also study the effects of pulse sequences on the photon correlation as shown in Fig. 5 . The laser pulses that are delayed (overlap) in intuitive and counterintuitive sequences. The correlation peaks for both cases almost coincide but not exactly. For counterintuitive ordering (i.e., the control pulse arrives before the pump, as in stimulated Raman adiabatic passage [13] ) the correlation [ Fig. 5(a) ] is significantly larger than the cases of coincident pulses [as in Fig. 3(a-i) ] and the intuitive process [ Fig. 5(b) ]. The underlying physics goes beyond the broadband nature and instantaneous off-resonant Raman process discussed above.
The superposition of states established earlier between level a and level b by the control pulse provides a channel for a more efficient and almost immediate generation of the maximum correlation with only a moderate amount of pump intensity. The correlation peak for the counterintuitive case occurs before the peak of the second pulse, showing that it does not require a maximum level (peak) pump pulse. For the intuitive sequence, the peak almost coincides with the peak of the second pulse. The correlations for both sequences build up in almost the same manner during the second pulse. However, a longer tail exists for the intuitive case because the process of generating the correlation involves population in level a (created via resonant Raman transition) that undergoes a spontaneous emission process which takes the time scale of −1 ac . (9) Chirping effect. We also introduce chirping on one laser and two lasers with the same and opposite chirp sign (see Fig. 6 ), but the correlation with one or two laser chirping is less than that without chirping at all. For the intuitive sequence, the correlation with chirped control laser is higher. The result is reversed for the counterintuitive sequence. Thus chirping the later pulse gives a larger correlation.
VII. CONCLUSIONS
We have presented a method to obtain exact time-dependent solutions of the coupled quantum Langevin equations for a multilevel quantum particle driven by arbitrary laser pulses. The method enables us to study quantum correlation dynamics. We find that laser pulses enhance quantum correlation. The symmetric initial condition does not give a quantum correlation while asymmetric initial condition gives a large quantum correlation when driven by short laser pulses. The resonant and off-resonant components of laser pulses and transient quantum coherence have important roles on the correlation profile. A single atom driven by laser pulses with a counterintuitive sequence can generate highly correlated photon pairs. However, the correlation is reduced by chirped pulses. Finally, we note that the theoretical framework can be used to study the dynamics of other quantum parameters for different initial photonic states [14] . 
